Generalized Frobenius Number of Three Variables

Department of Mathematics, Graduate School of Mathematics, Nagoya University
Kittipong SUBWATTANACHAT *

Abstract

Have you ever thought about the largest number of Chicken McNuggets that can’t be
bought with available pack sizes? This simple question takes us into the study of Frobenius
numbers: Let A = (a1, ag,...,ax) be a k-tuple of positive integers and s > 0. The generalized
Frobenius number g(A4;s) is the largest integer that has at most s representations in terms
of a1, asq,...,a; with non-negative integer coefficients. In this talk, we present a formula for
the generalized Frobenius number in the case k£ = 3 under certain conditions.

1 Introduction

The purpose of this note is to provide an overview of the results obtained by the author in [14]
and [I5] on generalized Frobenius numbers in three variables. For integers n > 1, k > 2, let
A = (a1,a2,...,a;) be a k-tuple of positive integers and let d(n; A) = d(n; a1, as,...,ax) be the
number of representations to a1z, + asxs + - - - + apxr = n. Its generating series is given by

1
dnyay,...,ax)z" = .
nzzo (1—22)(1—ax%2)--- (1 — %)

Sylvester [16] and Cayley [6] show that d (n;ai,as,...,ax) can be expressed as the sum of a
polynomial in n of degree k — 1 and a periodic function of period ajasg - --a. Using Bernoulli
numbers, Beck, Gessel, and Komatsu [I] derive the explicit formula for the polynomial section.
Tripathi [19] provides a formula for d(n; a1, a2). Komatsu [8] shows that the periodic function
part is defined in terms of trigonometric functions for three variables in the pairwise coprime
case.

There is the well-known linear Diophantine problem, posed by Sylvester [18], known as the
Frobenius problemﬂ Given positive integers a1, ag, ..., ar such that ged(aq,ag,...,a;) =1, find
the largest integer that cannot be expressed as a non-negative integer linear combination of these
numbers. The largest integer is called the Frobenius number of the tuple A = (a1, aq,...,ax),
and is denoted by g(A) = g(a1,as,...,ax). The Frobenius number of A = (a1, as,...,a;) exists
if and only if a1, ag,...,a; are relatively prime i.e. ged(aq,aq,...,ar) =1 see for example [13].
With the above notation, the Frobenius number is given by

9(A) =max{n € Z | d(n; A) = 0}.

For instance, at McDonald’s one can only order packs of 6, 9, or 20 Chicken McNuggets. The
following list shows the numbers of nuggets that cannot be purchased by ordering any amounts
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of these packs (integers that cannot be expressed by 6, 9, and 20): 1, 2, 3,4, 5, 7, 8, 10, 11, 13,
14, 16, 17, 19, 22, 23, 25, 28, 31, 34, 37, and 43. Therefore, ¢(6,9,20) = 43.

Note that if all non-negative integers can be expressed as a non-negative integer linear
combination of A, then g(A) = —1. For example, g(1,2) = —1.

For two variables A = {a,b} C Zxo, it is shown by Sylvester [17] that

g(a,b) =ab—a —b. (1)

For example, consider A = (a,b) = (3,5). Then the Frobenius number of A is given by ¢(3,5) =
15 — 3 — 5 = 7, which means that all integers n > 7 can be expressed as a non-negative integer
linear combination of 3 and 5.

Tripathi [20] has provided explicit but complicate formulas for calculating the Frobenius
number in three variables. However, it is important to note that closed-form solutions for the
general case become increasingly challenging when the number of variables exceeds three (k > 3).
Nevertheless, various formulas have been proposed for Frobenius numbers in specific scenarios
or special cases. For example, explicit formulas in some particular cases of sequences, including
arithmetic, geometric-like, Fibonacci, Mersenne, and triangular (see [I12] and references therein)
are known.

In this note, we will focus on a generalization of the Frobenius number. For a given non-
negative integer s, let

g(A;s) = glar,a,...,a5;8) =max{n € Z | d(n; A) < s}

be the largest integer such that the number of expressions that can be represented by a1, ao, .. ., ax
is at most s. Notice that g(ai,aq,...,ar) = g(ai, a9, ...,a;0). That means all integers bigger
than g(A;s) have at least s 4+ 1 representations. The g(A;s) is called the generalized Frobenius
number. Furthermore, g(A;s) is well-defined (i.e. bounded above) (see [7]).

As a generalization of (), for A = (a,b) and s € Zxq, (see [3]), an exact formula for
g(A,s) =g(a,b;s) is given by

gla,b;s) = (s+1)ab—a — 0. (2)

In general, we have d(g(4;s); A) < s, but in the case |A| = 2 one can show that actually
d(g(A; s);A) = s. Similar to the s = 0 case, exact formulas for the generalized Frobenius
number in the cases k > 3 are still unknown. For & = 3 exact formulas are just known for
special cases. For example, there are explicit results in the case of triangular numbers [10],
repunits [9] and Fibonacci numbers [11]. Recently, Binner [5] provide bounds for the number of
solutions ajx1 + asxs + azxs = n and use these bounds to solve g(ai,as,as;s) when s is large.
In 2022, Woods [21] provide formulas and asymptotics for the generalized Frobenius problem
using the restricted partition function.

One of main results is the following explicit formula for a special case of the generalized
Frobenius number in three variables [14].

Theorem 1 ([14]). Let ay, az and a3 be positive integers with ged(ai, az,a3) =1 and let s € Z>g.
If di = ged(az, a3) and suppose that ay =0 (mod %) or a1 =0 (mod ), then

s .
g(alaQZaa?);jZ ’Vja2a23-‘ > =(s+ 1)%?3 4+ a1dy — a1 — as — ag.



Remark 2. In Theorem (1} the order of the integers in the tuple (a1, as, az) does not matter due
to the symmetry of g. So, if d» = ged(a1,a3) and a2 =0 (mod g}) or az =0 (mod ), then

S .
g<a1,a2,a3;jzo Palazg-‘ > =(s+ l)a;—j?’ + agsds — a; — ag — as.

Similarly, if d3 = ged(a1,a2) and a3 =0 (mod 3—;) or a3 =0 (mod ?Ti)’ then

S .
9(611,&2,@3;]2: F(ZIG;-‘ > =(s+ I)OL;—Z2 + azds —a; — ag — as.

Remark 3. Notice that
s [J1li<e<zar

3
Ul aza) = {Z — s> o} C {d(n; a1, a2,a3) | n € Zso}
=1

2
pard a;d;

and in general the left set is a proper subset of the right. For example, d(120;10,15,21) = 6 but
6 & U(10,15,21) = {0,1,2,3,4,5,7,9,11,14,17,20,22,24,...} C {d(n;10,15,21) | n € Z>o}.

However, they are equal in some cases. For example, if a1, a2 and ag are of the form in [2],
then we obtain that

Ul ,az,03) = {tk | k € Zo} = {d(n; a1, a2,a3) | n € Z>o},
where tj, is the kth triangular number which is given by ¢ = (k'gl)

We will give the proof of Theorem [I]in Section [3]

The other main result is to show the explicit formula for three consecutive triangular numbers
which is g(tn, tp+1, tnto; s) for all s > 0 and for all sufficiently large n (depends on s).
Theorem 4 ([15]). The g(tn,tni1,tnt+2;s) are given for all s > 0 as follows:

(i) For even n > 6|\/s + 1] — 6, we have

(n+1)(n+2)

9(tn, tns1, tnso;s) = (gsn + 6¢5) — 1.

4
(i) For odd n > 6 {V“;HJ — 3, we have
n+1)(n+2
9(tnstnst, tngoss) = M(qsn—i— 6cs — 305) — 1.

4

Here the qg,cs and 5 are given by

= 2VE 4240 = VAP~ 8lVE, (ss_{l 5> (VA2 + VA

0 else.

We define B={n € Z>; | n=k>orn==~k(k+1),3k > 1} ={1,2,4,6,9,12,16,...}. Then,
we obtain the following corollary whose main idea is to derive a formula for g(t,, tp+1, tnt2; s+1)
based on g(t,,tn+1,tnt2;$) when s > 0.



Corollary 5. Let s € Z>o. Then the following statements hold:
(i) If s+ 1 ¢ B, we have

6(n+1)(n+2
g(tn’tn+1’tn+2; 5+ 1) - g(tnatn+17tn+2§5) = ( i( )

(ii) If n is even and s +1 € B, that is s+ 1=k? or s+ 1=k(k+1) (3k > 1), then

(n—6k+6)(n+1)(n+2)
1 :

g(tmtn-l—htn-i-% s+ 1) - g(tnytn—&-lvtn—&-% 3) =

(iii) If n is odd and s+ 1 € B, then

(n—6k+9)(n+1)(n+2) if s+ 1=k,

. . _ 4
g(tn, tnt1,tnt2; 8 + 1) - g(tmthrlvthrZ» 5) - {(n—6k+3)(4n+1)(n+2) ’Lf s+ 1= k:(k‘ + 1)‘

2 Preliminary Lemmas

Before proving Theorem [1| we introduce some Lemmas. Beck and Kifer [2] show the following
result on g(aj,as,...,ar;s) in terms of ¢ = ged(ag, as, ..., ag).

Lemma 6 ([2, Lemma 4)). For k > 2, let A = (a1,...,ax) be a k-tuple of positive integers with
ged(A) = 1. If £ = ged(ag, as, ..., ax), let aj = La; for 2 < j < k. Then for s >0

901, az,...,ax; 5) = Lg(ar, by ahy .. s 8) + aa(C — 1),

The next lemma give an upper bound for the number of representations to a1z +- - -+agzy =
g(ai,...,ag;s) — je, for all integers j such that 0 < je < g(aq,...,ax;s) when ¢ =0 (mod a,)
for some r € {1,...,k}.

Lemma 7. Fork > 2, let A = (ay,...,ax) be a k-tuple of positive integers with gcd(A) =1 and
let s € Z>o. If ¢ is a positive integer such that ¢ =0 (mod a,) for some r =1,...,k, then, for
all integers 0 < je < g(A4;s),

d(g(4;s) — je; A) < s.

Proof. Suppose that ¢ € Zso such that ¢ = 0 (mod a,) for some r = 1,..., k. Assume that
there exists 0 < 5 < Q(LC;S) such that

d(g(A;s) —je; A) > s+ 1.

So, there are at least s + 1 non-negative integer solutions (z1,...,xy) such that
k
9(A;s) —je = wuay.
=1

Since ¢ =0 (mod a,), then ¢ = a,q for some g € Zy. So, we obtain that
9(A;s) = x1a1 + ... + 10,1 + (Tr + jq)0r + Tpp10r41 + ..+ 20,

this means that g(A;s) has at least s + 1 non-negative representations in terms of ay, ..., a.
We get a contradiction since g(A;s) must have at most s representations. ]



To accomplish the proof of Theorem [I] we need the following lemma. If k = 2, says A =
{a, b}, then, for a non-negative number j < g(a,b;s)/c, d(g(a,b;s) + jc;a,b) =i is equivalent
to g(a,b;i — 1) < g(a, b; s) + je < g(a, b; ).

Lemma 8. Let a,b € Z~ with gcd(a,b) = 1, and let i,s € Z>o. Suppose that c is a positive
integer such that ¢ =0 (mod a) or c=0 (mod b) and j € Z. Then

d(g(a,b;s) + je;a,b) =1,

if and only if,
g9(a,byi —1) < g(a,b;s) + je < g(a, b ).

Here we set g(a,b;—1) to be —2.

Proof. Without loss of generality, we assume that ¢ = 0 (mod a). For convenient, throughout
the proof, for s > 0, we denote g(s) := g(a, b; s), which is g(s) = (s +1)ab —a — b.

(=) Suppose that d(g(s) + jc;a,b) = i. By the definition of g(i) = g(a,b;i), it follows
immediately that g(s) + je < g(a,b;4). Clearly, if i = 0, then —2 < g(s) + je < ¢(0), we are
done. So, assume that i > 1. Obviously, g(s) + jc # g(i — 1), otherwise d(g(s) + jc;a,b) =i —1,
a contradiction. It remains to show that

9(i — 1) < g(s) + je.

We will prove this statement by assuming that g(s) + jc < g(i —1). So if we set A = g(i — 1) —
(9(s) + jec), then A > 0, moreover A is a positive integer that is a multiple of a by using the
hypothesis ¢ = 0 (mod a). Thus

gli =1) = g(s) +jc+ A,

this implies that g(i — 1) = g(a,b;i — 1) has at least i representations in terms of a and b, a
contradiction with the definition of g(a,b;i — 1).
(<) Suppose that g(i — 1) < g(s) + jc < g(i) for some i € Z>q. Clearly, since g(i — 1) <
g(s) + je, we have
d(g(s) + je;a,b) > i

Our goal is to show that d(g(s) + jc;a,b) = i. If g(s) + je = g(i), then we are done. So we
assume that g(s) + jc < ¢(i) and also assume that d(g(s) + jc; a,b) > i. With the same setting,
let A =g(i) — (g9(s) + jc). Then A > 0. In addition, A is a multiple of a. So we obtain that

9(i) = g(s) +je+ A,

i.e., g(i) has at least i + 1 representations in terms of a and b, a contradiction. Therefore,
d(g(s) + je;a,b) = i. Similarly to that, we can prove the case where ¢ =0 (mod b). O

Lemma 9. Let a,b € Z~ with a < b, ged(a,b) =1, and let s, K € Z>o. If m is an integer such
that m > g(a,b; s) + Ka, then, for all j € Z>¢, we have

d(m — ja;a,b) > d(g(a,b;s) + (K — j)a; a,b).

Proof. We will prove by induction on j. If j = 0, we can assume that there exists a non-negative
integer £ such that d(g(a, b;s) + Ka;a, b) = /. By Lemma [8, we have

g(a,b; 0 —1) < g(a,b;s)+ Ka < g(a,b;?).



Hence m > g(a, b; ¢ — 1), which means
d(m;a,b) >0 = d(g(a, b;s) + Ka;a, b).

The base step is proved.
Let j be a non-negative integer and assume that

d(m —ja;ajb) > d(g(a, b;s) + (K — j)a;a, b).
We want to show that
d(m —(j+ 1)a;a,b) > d(g(a, b;s)+ (K — (5 + 1))a;a,b).

Assume that d(m —(j+1Da;a, b) < d(g(a, b;s)+ (K —(j+1))a;a, b). Suppose that there exists
¢ > 0 such that d(m — (j + 1)a;a,b) = £. So

¢ <d(g(a,b;s) + (K — (j + 1))a;a,b).

Observe that d(g(a,b;s) + (K — (j 4+ 1))a; a,b) < d(g(a,b;s) + (K — j)a;a,b) by Lemma One
can see that since d(m - (j+ Daja, b) = /¢, then

(+1 ifb| (m—ja),

d(m —ja;a,b) = {E

otherwise.

If d(m — ja;a, b) =/, then we get a contradiction that

¢ =d(m— ja;a,b) >d(g(a,b;s) + (K — j)a;a,b) > d(g(a,b;s) + (K — (j + 1))a;a,b) > L.
If d(m — ja;a, b) =/ +1, then
¢ <d(g(a,b;s)+ (K — (j +1))a;a,b) < d(g(a,b;s) + (K — j)a;a,b) < d(m — ja;a,b) = £+ 1.
It follows that

d(g(a,b;s) + (K — (j + 1))a;a,b) = d(g(a,b;s) + (K — j)a;a,b) = d(m — ja;a,b) =+ 1.

Since d(g(a, b;s)+ (K — (j+1))a;a,b) = £+1, by Lemma g(a,b;s)+(K—(j+1))a > g(a,b; 0).
This means m — (j + 1)a > g(a,b;s) + (K — (7 + 1))a > g(a, b; £), thus

d(m—(j+1)a;a,b) > 0+1,
which contradicts with d(m — (5 + 1)a; a,b) = £. Therefore,
d(m — (j +1asa,b) > d(g(a,b;s) + (K = (j + 1))as a,b),

as required. O

3 Proof of Theorem [1

By applying Lemma [6], Lemma [7] and Lemma [ we can prove Theorem [I] as follows.



Proof of Theorem [ Suppose that di = ged(ag,as) and a; =0 (mod Z—f) By applying Lemma
[6], we obtain that

— [jagas as a3 <~ [jazas
9<a1,a2,a3;z [alcpw > = dw(al, a0 dy { o d w ) +ay(d; —1). (3)
— =

We will show that .
0y 02 a3, Jazas az a3
Nara' =l ag 4 dy’

Then one can see that, for m € Z>,

B

oy 2 0 a a3
d<maa1)dl)d1> Zd( jaladlvdl)' (4)

Put m=gyg (gi, g—i’; s), then we obtain that

ar a3\ a2 az) _ a g \ .6 ag
d( (d 0, >,a1,d1,d1> 2 d<g<d1’d1’3> jahdl,dl)- (5)

a2 as

By Lemma (7, we have that each value of d<g(§f , 3—? s) VIGH d> have to be equal to
any of 0,1,...,s. To calculate the right-hand side of ., we count the number of 0 < j <

9(?[?, flf 3)/&1 such that
az asz. . as asg )
d o 02 a3 ;
( (d "dy ) ]al’dl’d1> b (6)

forall i =1,2,...,s. For convenient, let g5 := g(‘éf, g—i’ ) For given i the j such that (@ holds
are, by Lemmal 8, those with g; 1 < g5 — ja1 < g;. By . this is equivalent to

a2as3 as Qa asas3 a9 as

3 . .
- - — 1 - = - — — < 1 - - —.
d% dq dq < (8+ ) d% dy dq Ja = (Z+ ) d% dq dy
So,
L0203 . (203
1— > 9> — .
(s + i) o d? j>(s—1) o d?

Thus, by Lemma [8] there are

o102 ] = o072



of j in [0, gs/a1) such that d( —jai; &, ‘;—f) =ifori=1,2,...,s. So, by (5)), we have

a9 CL3 ag as
d( <d d )7a17d17d1>
Lgs
o az a3 . az ag
- Z d( < ) j 17d1 dl)
asas 2a2a3 as0a3 3a2a3 2&2@3
= -1 — -2 —
o) 2] 2] oo [2] -] )
L[ [302as] (s — 1)agas
ald% ald%

_ ZS: Jjasas
ald% '

J=0

Therefore, by the choice of m = g(Zf, ?z:f s) and combined with Lemma|§|7 this value m is
the largest that the right-hand side of (4)) is (less than or) equal to > ° i=0 {M—‘ Then

ald%
(az asz ) 5 02 98, °~ [jasas
dd ) TINM A A | agdd | )

Hence, by and ,

°. [jasas az as
g<a1,a2,a3;z [ nd —‘ ) = d1g(d*1,d*1;3> +ai(di — 1)

=0

asa
:(s+1)2713+a1d1—a1—a2—a3.

Compared to the results in [9} [11] our main theorem seems more useful when s is large, since
their results have an upper bound on s. The result in [4] holds for s is extremely large. For
example, by [4, Section 3.2], ¢(16,23,37;s) can be found for s > 157291918. Therefore, our
result behaves nicely for s not too large. In [21] the value for s is not explicitly given.

4 Proof of Theorem {4

odd

In this section, we give a sketch of the proof of Theorem |4 l For this, we define zZ"", y<¥e", x2%¢,

and y2% as follows.

Definition 10. Let s be a non-negative integer and let k be the non-negative integer such that

=k(k+1)+1



for some i € {0,1,...,2k + 1}. Then we define integers z€", y¢ve", 1294 and 329 as follows:
i,2(k — 1)) if0<i<k,
i—k—1,4k—2i+3) ifk+1<i<2k+1,

(04, y20d) = 2i, k — 1) if0<i<k,
s (26 —k)—1,2k—i+1) ifk+1<i<2k+1,

(l,iven’ygven) _ {E
(

Sketch of proof of Theorem[4) By using Lemma [ we obtain that for s > 0

Int1 Tn+2
g tn7tn+17tn+2;3 = dlg tn, nt ) nt ;S +tn(d1 - 1)7
dq dq

where d; = ged(ty41,tht2). One can show that, for all even n > 6[v/s + 1| — 6 and for all odd
n>6 {L%—l J _3
2

9

tht1 tnao ) (tn+1 Int2 )
t .
( 3] bl dl ) dl + yS n

di T dy
tn+2tn+1 tn+2 tn+1
= (zs+1 — — + Ystn,
where (z5,ys) = (x", Yy if n is even and (xs,ys) = (2294, y2%) if n is odd. Using this, one
can then show by direct calculation that the statement in Theorem [4] follows. ]
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